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One of the basic results in the theory of Lie algebras over an algebraically 
closed tield F of characteristic p > 0 is the classification by Mills and 
Seligman [2] (later simplified by Seligman in Chapter11 of [3]) of the 
classical Lie algebras. These are the Lie algebras L over F such that 
(0.1) the center of L is zero; 
(0.2) ILL] = L; 
(0.3) L has an abelian Cartan subalgebra H relative to which 
(a) L = C L,, where [xh] = a(h)x for all x E L,, h E H; 
(b) if a # 0 is a root, then [L,L_,] is one dimensional; 
(c) if a and /I are roots, and if p # 0, then not all (x + kp are roots. 
The Mills-Seligman result is that a classical Lie algebra L is a direct sum 
of simple ideals, each of which is again classical; that the simple classical 
Lie algebras are determined by their Cartan matrices; and that the possible 
indecomposable Cartan matrices are given by the usual classification, i.e., 
are of types A,,, B, ,..., G,. 
The proof of this result, in [3], is surprisingly hard. The difficulty arises 
from the fact that the root system of L is contained in H*, a vector space 
over F, while on the other hand, the Cartan matrix must be a matrix over H. 
Deducing information about the Cartan matrix (over Z) from information 
about the root system (over F) is difftcult. (See, for example, Lemmas 115.3 
and 11.5.4 of [3].) 
In this paper we give a simpler proof of the Mills-Seligman theorem. 
Our technique is to associate to L a certain subset, A, of H’ which plays the 
role of root system and apply standard characteristic zero results (of [ 11) to 
A. These transference methods were used before by Seligman (see [4]), but 
only after much more theory in characteristic p was developed. 
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1. PRELIMINARIES 
Let L be a classical Lie algebra with classical Cartan subalgebra H. 
Denote by ZZ the set of roots of H in L. We shall say that a set (a, ,..., a, } of 
roots is a fundamental system of roots (relative to H) if: 
(1.1) a,--ai is not a root for if j; 
(1.2) If a is a root then one and only one of the following holds: 
(a> a is a member of a sequence of roots of the form ai, , ai, + aiz ,...; 
(b) -a is a member of such a sequence; 
cc> a = 0. 
Note that our definition is apparently weaker than Seligman’s definition of 
fundamental system. (We will eventually see that, in fact, any fundamental 
system in our sense is also one in Seligman’s sense, which justifies our use of 
the same terminology.) 
We will now show that fundamental systems exist. Of course, this follows 
from the fact that fundamental systems in Seligman’s sense exist. However, 
because of our weaker definition a much easier argument (from [3, p. 321) 
shows existence. 
We recall some notation from Chapter II of [3]. If a, j3 E II, let a - rp,..., 
a,..., a + @3 be the P-string through a. Define A,,, to be the rational integer 
r-q. Choose a basis h, ,..., h, of H and roots p, ,..., /I, E 17 such that 
hi E [L,,L_,,]. Denote A,,, by bj(a). Then we write a < p for two roots a, /I 
if the first integer j (1 < j < r) for which bj(a) # bj(p) has bj(a) < bj(/3). 
By Lemma 115.1 of [3] the relation a < /3 is a total ordering of the roots. 
Ifp>Othena<a+/?andifa<Bthen-B<-a. 
We shall a positive root a simple if there are no two positive roots /I, y 
with a = /I + y. Let S be the totality of simple roots, S = {al,..., a,). It is 
clear that if ai # aj are members of S then ai - aj is not a root. Thus writing 
A,i,,i=Aij,wehaveAij~Ofori#j,whileAii=2andAij=Oifandonlyif 
Aji = 0. (For more details see [3].) These results and [3, Lemma 11.5.21, 
show that S is a fundamental system. 
2. UNIQUENESS 
We use the following result of Seligman [3, Lemma 11.4.11: 
(A) Let a, p, a + p be non-zero roots. Then ]L, L,J = L,,, . 
Now let T= {a,, a2 ,..., a,} be any fundamental system and let a be a root. 
We shall say that sequence {ri, yZ ,..., y,} of (not necessarily distinct) 
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elements of T is a proper sequence for a if y, + ... + yk is a root, for all k, 
1 ,< k < n, and y, + ‘. + y, = a (so yj is equal to some aij, 1 < i,i < u). 
Note that by (A) and our definition of fundamental system this is 
equivalent o L, = [ .‘. [L,,L,,] . ..L,,], with each yj E T. 
(B) If 1~ 1,-*-7 Y,}, {d, ,-*-, 6,) are proper sequences for a then the number 
of times ak occurs among yi,..., yn is equal to the number of times ak occurs 
among 6, ,..., a,, for all k. We denote this number, which is independent of 
the proper system used, by Sk(a). 
Proof of (B). We proceed by induction on 
r = min(n 1 {y, ..., yn } is a proper sequence for a}. 
If r = 1, then a = ai for some i. Let {yi ,..., yk} be any other proper sequence 
for a; then we show that k = 1 and yi = ai. Indeed, if k > 2 and ai = yk we 
would have 0 = y, + ... + yk- i, contradicting (1.2). 
If ai # yk, then by (A) we have 
0=Lvk=L”,+“*+“,+- +Vk-1 
which is impossible since y, -t “. + yk-i is a root. 
Now assume the result for all roots having a proper sequence of length 
s<r-1. 
If y,. = 6, we are done by induction. If yr # 6, then by (A), 
ofL,-vr=Lv,+,,+v,+ +vr-1 = LJ-WI 
= [[L St+ +&4&?1 JLI 
= W,,,~ .+s,-,A,,lL8J+ lb,+ +Gm-,L,L1l 
= [[Ls,+~“+sm~~,~L-“,lLGml 
by (1.1). Continuing in this way (using the obvious notation) we 
find that there is some t such that 1 < t < m - 1 and we have 
6,=yr, y1+...+yI-,=6,+‘..+6,_,+6,+,+...+6,, and (6,,6, ,... ,
4- 19 4, I,-**? S,} is a proper sequence for a - yr. The result now follows by 
induction. Q.E.D. 
Now let (y, ,..., yk ) be a proper system for a. Using (B), if a satisfies 
(1.2a), k = si(a) + .. + s,(a) is independent of the proper system chosen. 
Denote k by L(a). If a satisfies (1.2b), define si(a) = - si(-a) and L(a) = 
-L(-a). Let L(0) = 0 and call, for any root a, L(a) the level of a. 
LIEALGEBRASOFCLASSICALTYPE 591 
3. FORMAL ROOTS 
Let {a, ,..., a,) be a fundamental system and let E denote the integers, 0 
the rationals, V the free Z-module with basis the set of symbols {/I, ,..., p,). 
Let r denote the Z/(p)-span of {a,,..., a,} in H*. (We do not assert that 
dim v= m.) Then there is a unique Z-homomorphism 4: V-t v such that 
qNJi) = ai for 1 < i < m. 
Let 9 denote the inverse image, under 4, of n. 
We call p, ,..., p, formal roots of level 1. For k E Z, k > 1 we define 
formal roots of level k to be elements of 9 of the form y + p where y is a 
formal root of level k - 1 and /3 is a formal root of level 1. 
Denote by Xt the set of formal roots of level k; k = 1,2,...; let ST- = 
-Y+ and .F = jr+ U ST-. Let 0 denote the restriction of 4 to ST. It is 
clear that 4: Sr + n is level preserving. 
PROPOSITION 3.1. Q is a one-one correspondence between jT and 
n - {O}. 
Proof. Let a E n - (0). We prove the surjectivity of 4, by induction on 
r = L(a). We want to find an element p f3 s’ such that @) = a and it is 
enough to assume r > 1. If L(a) = 1 then a = ai, for some i, 1 < i < m and 
p = pi. Assume the result valid for all roots of positive level smaller or equal 
to r- 1. Let a = ai, + ‘.. + air-, + ai,. Then a = y + aj, for some j, 
1 < j < m, where y = ai, + . + a,,-, , By the induction hypothesis, there 
exists p E jr such that #(J3’) = 7. Hence a = d@‘) + #v3j) = #(@’ + pj) SO 
p’ + pj E 9”. Taking /3 =/I’ + pj we have established that 0 is surjective. It 
remains to prove the injectivity of 4. Now let /I E Sr+, p = CT!, biDi. We 
claim that s~(#@?)) = bj. The proof is done by induction on level, the result 
for level one being clear. Now if /I has level > 1 then /I = /3’ + Pk for 
some /3, E Sr, 1 < k & m. Then /I’ = Cy!i (b, - Sik)Pi and by 
induction Sj(oco’)) = bj - Sj,. Then sjW>> = sjW’ + B/c)) = 
sj(#@‘) + a,J = bj - Sj, + Sj, = bj as required. The injectivity of $ is now 
clear, since p = Cj”= I sj(&?)) /Ii. Q.E.D. 
Now, let a be a non-zero root. 
We would like to have: 
(C) The one-one correspondence between jT and ZZ- {0} maps the ai- 
string through a into the Pi-string through p, where #(9) = a. 
Note that it is enough to consider the case of a satisfying (a) of Definition 
1.2, and also that if a + ai E n - {0} then p + pi E jT, by definition. 
Statement (C) will follow from 
PROPOSITION 3.2. Let a E II- (O}, ai any positive fundamental root, 
4(j?)=a,PE3. Zfa-aiEZZ-- (0) then/3-/3iE.F. 
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Proof: Let y=/I-pi. Since @(?)=a-a,EIZ-- {O}, YE.9. So 4(v)= 
#(y’) for some ?I1 E jT. Since #(y’ + /3j) = 4(y) + (Ti = 0 - Qi + CXi E Zl- (0) 
we have that y* + pi E 9; hence y’ + p/ E 97 SO #(y’ + pi) = d(J), but # is 
injective on Sr hence y’ + /Ii = p and y’ = p -pi E ;7. Q.E.D. 
4. FINITE CARTAN MATRIX 
Let V,, be a vector space over 4 spanned by /I1 ,..., /I,,, so that V, = $J OJ V. 
Since (A,i,J1 is a m x m Cartan matrix, we can define its Weyl group W as 
in [ 1, Sect. 31. Still following [ 11, we set A = {piw 1 1 < i ,< m, w E W). A is 
the root system of the Cartan matrix (A,)‘, where .4,i,oj = A, for 1 < i, 
j<m. 
Let ri denote the generators of W. Then /Iri =/? - ABJi = 
#-‘(a-A a,uiai). Since a - A,,,i ai is a root (by the definition of A,,,,) we 
have, by (C), that /3 - A,,,$?, E X. So A c F. 
PROPOSITION 4.1. A =.F. 
Proof Given any formal root /I, we need to show that /3 E A. Again we 
use induction on level of ,8, the result being clear for level of/J equal to 1. 
Now assume that /I is of level 22 and that if y E 3, 0 < L(y) < I,(J) then 
y fZ A. Suppose /I = pi, + + pi,. Let pi, = pi. 
q4(/3) = a = ai, + . + aik; aik = a,. 
Then a - a, E Z7- {O). By Proposition 3.2, p-pi Ejr. Suppose A,,,, = 
r-q. Then by the induction hypohesis, we get that, since r > 1, y = 
/I - rpi E A, so that yri = p + q,& EA. Thus, since A is a finite root system, 
we know that the Pi-string through /3 is unbroken, and so we obtain /l E A. 
Q.E.D. 
Since I7 is finite, so is A, hence (A,i,aj) is a finite Cartan matrix in the 
sense of [ 11. Hence if (Aai,aj) is indecomposable it is one of A,, B,,..., G,, so 
we have proved the Mills-Seligman classification. 
Remark. Observe that by [ 1, Lemma 1, Sect. 31 (A,) is non-singular and 
symmetrizable with D = diag(E, ,..., E,,,), all Ei > 0. (Note also that every 
diagonal minor of (A,i,nj) is positive so (as asserted above) the fundamental 
system T is also fundamental in Seligman’s ense.) 
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